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Anomalous and Gaussian transport regimes in anisotropic
three-dimensional magnetic turbulence
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The effects of the anisotropy of magnetic turbulence on the transport of magnetic field lines are investigated
numerically. The three-dimensional magnetic turbulence is represented by a Fourier expansion with a power
law bandspectrum, and anisotropy is introduced by considering different correlation lengthsl cx and l cy in the
plane perpendicular to the average magnetic fieldB05B0êz . Transport in this plane is analyzed for different
fluctuation levelsdB/B0 and for various degrees of anisotropyl cx / l cy . The results of the simulation show that
there are anomalous~subdiffusive and superdiffusive! transport regimes at low fluctuation levels, while Gauss-
ian diffusive regimes are attained in the presence of high fluctuation levels, like in the isotropic case; as
anisotropy is increased the Gaussian regime is reached for higher fluctuation levels; for significant degrees of
anisotropyl cx / l cy , a percolative regime is found at a low fluctuation level, with superdiffusion in the direction
where the correlation length is shorter; conversely, in the diffusive regime transport is faster in the direction of
the longer correlation length, and the obtained ratio of diffusion coefficientsDx /Dy is close to the ratio of
anisotropy l cx / l cy . The application of these results to energetic particle propagation in the solar wind is
discussed.@S1063-651X~98!14511-7#

PACS number~s!: 52.25.Fi, 02.50.Ey, 95.30.Qd, 05.45.2a
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I. INTRODUCTION

Plasma transport across a background magnetic field
pends on an understanding of the transport of magnetic
lines in a turbulent magnetic field. Indeed, when the part
velocity is much higher than the phase velocity of wav
plasma particles ‘‘see’’ the fluctuations as static. Moreov
when the particle Larmor radii are smaller than the shor
scale lengths of turbulence, particles move along the m
netic field lines. Then magnetic field line diffusion represe
one of the main sources of particle transport. This is of fu
damental importance for many plasma systems, ranging f
fusion confinement devices@1–5# to astrophysical and spac
plasmas@6–15#.

Equations for magnetic field lines form a set of nonline
differential equations which can be studied by numerical
tegration. Recently, the authors of Refs.@12# and@15# carried
out numerical studies of the magnetic field line transport i
three-dimensional~3D! isotropic turbulence spectrum, poin
ing out the existence of both Gaussian and non-Gaus
~superdiffusive! transport regimes, the latter implying the o
currence of Le´vy flights. In those papers, the distribution
wave mode amplitudes is spherically symmetric. Howev
the magnetic turbulence found in many physical system
anisotropic. We expect that this anisotropy influences
way in which the magnetic field line diffuse: The avera
energy density along each axis will be different, so th
transport also should be anisotropic@16#. In addition, the
magnetic surfaces are stretched by the anisotropy, and w
the level of the magnetic fluctuations is low, the magne
field lines which are lying in the stochastic layer between
magnetic surfaces are constrained to go around th
stretched regions, leading to particular phenomena of tra
port which need to be investigated.
PRE 591063-651X/99/59~2!/2244~9!/$15.00
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Indeed, some recent theoretical@5,17–19# and numerical
studies @20,14# considered the transport of magnetic fie
lines with a nearly 2D model of turbulence, which, having
the wave vectorsk in the plane perpendicular to the avera
magnetic fieldB0 , corresponds to a very strong anisotropy
k space.

In particular, magnetohydrodynamic~MHD! turbulence in
a solar wind is anisotropic: a first analysis of such anisotro
was performed in Ref.@21#, whose authors showed that thek
vectors should be concentrated in the ecliptic plane. M
recently, Matthaeus, Goldstein, and Robert@22#, analyzed
solar wind data to stress the anisotropy of thek distribution
in directions parallel and perpendicular to the average m
netic field. In this analysis they built up a model of turb
lence based on the presence of a slab turbulence superp
to a 2D turbulence.

The model of Refs.@18, 14# cannot describe anisotropy i
the plane perpendicular to the average magnetic field, s
the authors assumed cylindrical symmetry aroundB0 from
the beginning. Conversely, the analysis of the magnetic p
turbation correlation tensor carried out in Ref.@23#, based on
Helios II observations@24#, by assuming different correlation
lengthsl cx , l cy , andl cz in thex, y, andz directions, respec-
tively, in the expression of the Fourier amplitudes, h
shown that in the solar wind the correlation lengths can
very different from each other.

Anisotropy may be due to the geometrical features of
system under consideration@25,26#, or to the presence o
either a velocity field or a background magnetic field. W
argue that the anisotropy found in the solar wind is due
two physical reasons: one is the radial expansion of the s
wind plasma leaving the Sun, and the other is the nonlin
energy cascade of MHD turbulence in the presence of
average magnetic fieldB0 @27–31#. The former reasoning
2244 ©1999 The American Physical Society
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goes as follows: because of the radial expansion of the s
wind, a bubble of plasma is stretched in the transverse di
tions, and the wave vectors of the magnetic perturbations
squeezed to a ‘‘cigar’’ oriented in the radial direction@32#.
The same result is obtained if one considers the propaga
of MHD waves in a medium with a radially increasing r
fraction index. The latter cause of anisotropy is related to
so-called Alfvén effect @31#, and stems from the fact tha
nonlinear interactions are much more effective for tho
wave vectors which are perpendicular toB0 , so that the en-
ergy cascade is faster for these wave vectors. Thus the
main of turbulence ink space tends to be perpendicular
the average field. It is difficult to predict which of these tw
effects prevails in the solar wind, but it should not be s
prising to find different correlation lengthsl cx , l cy , andl cz .
In the solar wind, we adopt the following coordinate syste
x is normal to theBIMF-VSW plane (BIMF is the average
interplanetary magnetic field andVSW is the solar wind
speed!, z is in the BIMF direction, andy completes a right-
handed coordinate system. Carbone, Malara, and Veltri@23#
found, for a variety of cases, thatl cx@ l cy ,l cz , implying that
the wave vectors are squeezed in theyz plane. Here we
would like to investigate a few cases where the anisotrop
in the plane perpendicular to the average magnetic fieldB0 ,
and, in a first approach, study what happens when we
crease the correlation lengthl cx .

In a previous paper@15#, we performed an accurate stud
of magnetic field line transport in isotropic turbulence f
different types of fully 3D spectrum. It was shown that t
ratio between the correlation lengthl c and the periodicity
scaleL influences the features of transport, and thatl c!L is
needed in order to avoid the dominance of just a few mod
In particular, when usingbandspectrum with both long and
short wavelength cutoffs, transport is isotropic and super
fusive, i.e., anomalous, for low fluctuation levels,dB/B0
&0.1, and isotropic and diffusive, i.e., Gaussian, for high
fluctuation levels@15#. Since we want to limit the periodicity
effects, that are not present in general in astrophysical tu
lence, we shall use abandspectrum.

In this paper, the transport regimes are analyzed for v
ous fluctuation levels (dB/B0), and for different anisotropies
by varying the ratiol cx / l cy . As in the isotropic case, we fin
different regimes of diffusion: an anomalous Le´vy flights
regime for low dB/B0 , and a Gaussian regime for hig
dB/B0 . The value of fluctuation level (dB/B0)* , where the
Gaussian regime is attained, grows as the level of anisotr
l cx / l cy is increased. Also, in the Gaussian regime transpo
fastest in the directionx where the correlation length is th
largest, and we find that the ratio of the diffusion coefficie
Dx /Dy scales asl cx / l cy . At the lower fluctuation levels, we
have subdiffusion or superdiffusion regimes. Surprisingly
the value of l cx / l cy is large enough, the Le´vy flights are
found mostly in they direction, where the correlation lengt
is smaller, and they are reinforced when the ratiol cx / l cy is
increased.

The plan of this paper is as follows: in Sec. II, we d
scribe the numerical technique, by showing how the an
tropic perturbed magnetic field is modeled. In Sec. III t
simulation results are presented: first we give an overview
the Poincare´ sections, then the different regimes of transp
are analyzed accurately by calculating both the diffusion
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efficients and the anomalous diffusion exponents. In Sec
we discuss the various results, and consider how they co
be applied to the solar wind.

II. NUMERICAL MODEL

A. Numerical technique

A numerical realization of a turbulent magnetic field is s
up using a model similar to that of Ref.@15#, where we
introduced anisotropy by using different correlation leng
l cx , l cy , and l cz . In this model the magnetic fieldB~r ! at a
generic pointr is taken to be the sum of a background fie
given by B05B0ez and of static magnetic perturbation
given by

dB~r !5(
k,s

dB~s!~k!e~s!~k!exp i @k•r1fk
~s!#. ~1!

HeredB(s)(k) is the amplitude of the mode with wave ve
tor k and polarizations, (s51 or 2!, e(s)(k) are the polar-
ization unit vectors, whilefk

(s) are random phases, chosen
simulate a realization of an ensemble of fluctuating magn
fields. Having“•B50 implies that there are two direction
of polarization normal tok, corresponding to the unit vector

e~1!~k!5 i
k3B0

uk3B0u
, e~2!~k!5 i

k

uku
3e~1!~k!, ~2!

wheree(1)(k) represents the Alfve´nic polarization ande(2)

3(k) the magnetosonic one. The amplitude is given by
spectrum

dB~s!~k!5
AC~s!

~kx
2l x

21ky
2l y

21kz
2l z

211!g/411/2, ~3!

whereA is a normalization constant,C(s) is the weight of
each polarization,g is the spectral index, and 1/l x,1/l y,1/l z
are the rollover wave numbers in thex, y, andz directions.
Different Fourier amplitudesdB(s) could be given for the
Alfvénic and magnetosonic polarizations, for instance
prescribing different sets of correlation lengths, spectral
dexes, and weights for the two polarizations. However,
this paper, not to increase the number of parameters of
model, we took the weightsC(s) and the correlation length
equal for both polarizations. Thus we will no longer spec
the dependence ons in the following, except for the polar-
ization vectors and the random phases. The rollover w
number separates the injection range from the inertial ra
in the spectrum, that is, the region where the spectrum
rather flat from the region where it is represented by a po
law. The correlation lengths are related tol i ( i 5x,y,z) by
the relation

l ci5min~2p l i ,l i
max!, ~4!

wherel i
max is the maximum wavelength in thei th direction

~see Ref.@15#!. We enforce the reality ofdB~r ! by setting
dB(s)(2k)5dB(s)(k) and f2k

(s)52fk
(s) . The above mag-

netic fluctuation model allows us to represent a wide clas
relevant physical situations for magnetic turbulence.
varying l i , either a pure power law or white noise can



b

he

o-

o
o

th
th

s

ed
th
in
al
te
u

lo
s
ef

he

o
m
t

o

re

m

tio

er

m

e

to

ith
ts

of

d

on-

ge

e

nta-

ur-

po-
the
igh

ain-
ity.

t of
-
vely

rt of

n-

u-

2246 PRE 59P. POMMOIS, P. VELTRI, AND G. ZIMBARDO
obtained, while anisotropy is introduced in a simple way
choosing different l x , l y , and l z . For instance, the
well known 2D turbulence can be obtained taking t
limit l ci / l c'→` of 3D turbulence @here l ci5 l cz and

l c'5A( l cx
2 1 l cy

2 )/2#, and setting the weight of the magnet
sonic polarization to zero,C(2)[0, while the so-called slab
model@14,18# is obtained in the limitl ci / l c'→0. As shown
in Ref. @23#, by choosing different parameters for the tw
polarizations, the model can adequately describe the s
wind magnetic turbulence.

Rather than using a cubic simulation box, we expand
simulation box in the directions where the correlation leng
are larger, in the same proportion as the lengthsl i . In other
words, the periodic box will be dilated by a factorl i in the
i th direction. This leads to considering the wave number
the following way:

k52pS nx

l x
,
ny

l y
,
nz

l z
D , ~5!

where the harmonic numbersni are integers. The spectrum
has a ‘‘high frequency’’ cutoff when

kx
2l x

21ky
2l y

21kz
2l z

2.4p2N2, ~6!

whereN is the maximum harmonic number. This is relat
to the extension of the spectrum and its value is fixed by
available numerical resources. In this way, the spectrumk
space has the shape of an ellipsoid, with axes proportion
1/l i . In a numerical realization of turbulence only a discre
number of modes can be represented. This can introd
unwanted effects, such as dominance of a few modes of
wavelength. As shown in Ref.@15#, those effects, as well a
the influence of periodicity of the numerical model, are
fectively reduced with the use of abandspectrum, where a
long wavelength cutoff is introduced by taking away t
modes with

kx
2l x

21ky
2l y

21kz
2l z

2,4p2Nmin
2 . ~7!

The void around the center also has the shape of an ellips
and we note that the number of wave vectors is the sa
along each axis. To have many wave vectors also along
‘‘short’’ axis is essential to have a good discretization
anisotropic turbulence.

Looking at Eq.~4!, we find that the correlation lengths a
proportional either to the parametersl i or to the maximum
wave lengthsl i

max, and Eq.~5! shows thatl i
max is also pro-

portional tol i . Then a particular anisotropy in the spectru
can be represented by choosing, for the parametersl i , values
proportional to the correlation lengths.

To trace the magnetic field lines we integrate the equa

dr

ds
5

B~r !

uB~r !u
, ~8!

wheres is the field line length. In order to save comput
time, we introduce a 3D lattice with 8N points in each di-
rection, on which the magnetic field components are co
puted exactly. Then, when integrating, the magnetic field
obtained by quadratic interpolation on this grid. We check
y

lar

e
s

in

e

to

ce
ng

-

id,
e

he
f

n

-
is
d

that eight points per minimum wavelength are enough
obtain satisfactory precision~see Ref.@15#!. In this way we
obtain the same number of grid points in all directions, w
the density of grid points proportional to the field gradien
in each direction. Typically the value ofN is set to 14, while
Nmin5A17. For all the numerical runs we setg53/2, which
is a typical value of the spectral index in the inertial range
the MHD turbulence.

The magnetic fluctuations are normalized by setting

dB

B0
5A( i jkdBi jk

2 DV

l xl yl zB0
2 , ~9!

where dB/B0 is the desired fluctuation level, andDV
5 l xl yl z /(8N)3 is the volume of the cell in the grid, an
where the sum is made all over the grid points.

B. Choice of correlation lengths

Of the three parametersl x , l y , and l z , only two are in-
dependent, as far as the modeling of the anisotropy is c
cerned. One can describe the anisotropy with the ratiosl x / l y
and l y / l z , keepingl z fixed ~although varying the value ofl z
could be used to shift the wave modes from the initial ran
to the injection zone of the spectrum@15#!. In this paper, we
fix l z5L, whereL is the unit length. Clearly, a complet
exploration of the parameter spacel x / l y and l y / l z would
require large computer time, and would make the prese
tion of the numerical results unwieldy~every case is also
studied as a function ofdB/B0). Therefore, in this paper we
refer to the anisotropy found in the solar wind magnetic t
bulence. Carbone, Malara, and Veltri@23# obtained different
sets of correlation lengths that depend both on the two
larizations and on the distance from the Sun. However
main result of the analysis of those authors is the very h
value ofl x compared tol y andl z , for both polarizations; this
means that almost all waves vectors lay in the plane cont
ing the average magnetic field and the solar wind veloc
Therefore the anisotropy is very strong in thexy plane, that
is, in the plane perpendicular toB0 where transport is to be
considered. For the sake of simplicity, we keep the weigh
both polarizations (C(1)5C(2)) equal, and in order to under
stand what are the effects of the anisotropy we progressi
increase the valuel x / l y , with l y / l z51 fixed. With such
choices, the wave modes are always in the power-law pa
the spectrum. The values ofl x / l y for the various runs are
listed in Table I. The ratioŝdBy

2&/^dBx
2& and^dBz

2&/^dBx
2&,

also listed in Table I, give the distribution of magnetic e

TABLE I. Parameters of the different runs of numerical sim
lations.

Run l x / l y ^dBy
2&/^dBx

2& ^dBz
2&/^dBx

2&

1 1 1.059 1.037
2 2 0.705 0.710
3 3 0.615 0.622
4 5 0.550 0.558
5 8 0.520 0.529
6 10 0.513 0.520
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ergy for each direction, and are therefore a measure of
isotropy of the simulated magnetic field. As can be seen,
magnetic energy alongx is the largest, as in the solar win
@23#.

III. NUMERICAL RESULTS

For each run listed in Table I, we did two kinds of studie
First, in order to obtain a qualitative overview of transpo
and of the structure of the magnetic field, we drew the Po
carésections. Second, we did a quantitative study by ca
lating the mean square displacements^Dxi

2& as a function of
s. In both cases the starting point of each field line is take
z50 and randomly distributed in the rectangle 0<x< l x , 0
<y< l y , in order to explore the entire area of the simulati
box where the magnetic field perturbations are set up
each case, this was done for different fluctuation lev
dB/B0 .

A. Poincaré sections

The Poincare´ sections are obtained by plotting in th
planexy the field line coordinates for each integer value
z/ l z . We follow a few field lines~typically 12 lines!, inte-
grating Eq.~8! from s50 tos5600l z . Since the Le´vy flights
are found in the stochastic layer in between the closed m
netic surfaces@33#, and since this layer corresponds to t
percolation layer@5#, we will assume that the percolatin
field lines which are seen on the Poincare´ sections are an
indication of superdiffusion. We can observe the differe
regimes already seen in the isotropic case@15#: for low val-
ues of the fluctuation level, we find closed curves wh
correspond to good magnetic surfaces, i.e., toKAM tori, and
there are also some field lines travelling in the stocha
layer without forming a closed magnetic surface~percolating
field lines!, indicating that we may have enhanced diffusio
As dB/B0 increases, we obtain the usual patterns where
magnetic surfaces are progressively destroyed until a
bally stochastic regime is reached~see Fig. 1!. Figure 1 is
obtained withl x / l y58, and the elongation of the magnet
islands in thex direction is evident. Figure 2 shows the Poi
carésections forl x / l y , growing from 2 to 5 to 10 at constan
dB/B050.4. It is clear that the magnetic surfaces beco
more elongated inx with the increase ofl x / l y . Also, the
pace of transport is reduced with the increase of the ani
ropy ~note the values on thex andy axes!.

In the anisotropic case, one cannot immediately evalu
from the Poincare´ sections whether transport is anisotrop
or not, since the starting point of the magnetic field lines
not injected in a square, but in a rectanglel x3 l y . However,
we note that for the lower fluctuation levels, some magne
field lines are going from a magnetic island to another isla
i.e., some percolating field lines are found. We note that
adopting abandspectrum with a long wavelength cutoff a
aboutl i /4, the typical island size is; 1

4 of l i ; therefore, the
motion of a field line from an island to the next is not due
periodicity, but to the percolation of magnetic surfac
@5,33#. This percolation clearly appears to be prevalent in
y direction @see panels~a! and ~b! of Fig. 1#: we see that
many lines pass among the islands in this direction in spit
the fact that the correlation length is smaller than that in
n-
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x direction. It appears that the anisotropy gives a particu
structure to the magnetic field percolation. The magnetic
lands, because of the anisotropy in the correlation leng
are stretched in thex direction, and the distance between t
magnetic islands is also stretched in the same way, i.e., e
gated in thex direction and shortened in they direction. We

FIG. 1. Poincare´ sections for run 5 (l x / l y58) at various fluc-
tuation levels:~a! dB/B050.2. ~b! dB/B050.4. ~c! dB/B050.6.
~d! dB/B050.8. Dimensionless units.

FIG. 2. Poincare´ sections atdB/B050.4 for various anisotropy
l x / l y : ~a! l x / l y52. ~b! l x / l y55. ~c! l x / l y510. Dimensionless
units.
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argue that a magnetic field line approaching a hyperb
point in the stochastic layer may have more chances to
beyond the hyperbolic point across the direction where
distance between two islands is larger~the x direction!, and
so travel along they direction. In addition, the gradient o
the magnetic fluctuations is larger in they direction, so that
the instability of trajectories is stronger in this direction to
This is suggested by the Poincare´ sections, since we observ
Lévy flights mostly in they direction~see Figs. 1 and 2!, and
is confirmed by the analysis of transport reported in the
lowing.

We can notice an important feature on Fig. 2: when
anisotropyl x / l y is increased, the stochastic regime where
magnetic islands in the Poincare´ sections are completely de
stroyed~which, broadly speaking, corresponds to Gauss
diffusion; see below!, is reached for a higher level of fluc
tuationsdB/B0 . It is clear from these figures that anisotrop
reduces the level of stochasticity. This can be understoo
the following way: by increasing the anisotropy, w
squeezed the volume ink space in one direction, and in th
way approached a 2D turbulence. Indeed, increasing an
l i in Eq. ~3! reduces the amplitude and extension ink space
of the wave vectors in thei th direction. It appears that th
smaller the size of the turbulence ink space, the less th
stochasticity. This agrees with the results of Ref.@12#, whose
authors showed that increasing the extent of the 3D tur
lence spectrum corresponds to an increase of stochastici
a fixed fluctuation level. Also, it is well known that the fie
line equations for strictly 2D turbulence in the plane perp
dicular toB0 are not chaotic, corresponding to a one-degr
of-freedom Hamiltonian, and increasingl x squeezes the
value of excited wave vectors toward a 2D domain. Mo
over, it was shown analytically that one-dimensional fluctu
tionsdBx(y,z) can give rise to chaotic field line evolution i
and only if, shear is introduced into the average field c
figuration, that is, ifB05B0(êz1(x/L)êy) @3,4,34#. There-
fore, not only the extension ink space, but also the dimen
sionality of the magnetic field variations, is important
determining the level of stochasticity. This fact can also
appreciated with a naı¨ve reduction of our magnetic turbu
lence model. Let us consider a simple three wave magn
field model, similar to the Arnold-Beltrami-Childress flow

dBx5a sin~2py!1b sin~2pz!,

dBy5e cos~2px!1b cos~2pz!, ~10!

Bz5e cos~2px!1a sin~2py!1B0 ,

wherea, b, ande are constants. This magnetic field model
isotropic in the (x,y) plane whena5b5e, that is the energy
density in thex direction,^dBx

2&, is the same as that in they
direction, ^dBy

2&. The parametere is the amplitude of the
wave mode depending onx, and decreasinge corresponds to
increasingl x in Eq. ~3!: in this way, the perturbations alon
the axes are ‘‘anisotropic,’’ and the energy density^dBx

2& is
the largest, as in the present turbulence model. The Poin´
sections obtained numerically are shown in Fig. 3 fora5b
50.3B0 , and for different values ofe. We note in this figure
that ase is reduced, the magnetic islands become more e
gated inx and the Poincare´ sections are more ordered: w
ic
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increase the anisotropy and progressively lose the stocha
ity of the system. The decrease ofe corresponds to reducing
the dimensionality of the perturbations from 3 to 2. We o
tain the same effect in our model when we increase the
isotropy in the correlation lengths: we have less stochasti
as l x / l y is increased. We note that this reduction of stoch
ticity is even stronger if bothl x / l y andl y / l z are increased, as
shown by other runs which are not presented in detail in
paper.

B. Transport properties

For each case listed in Table I, we did an accurate qu
titative study, by calculatinĝDxi

2& as a function ofs, aver-
aged over 1000 field lines and fors going up to 1000–1500
L. In all cases the starting pointr0 of each field line is taken
at z50 and randomly distributed in the rectangle 0<x
< l x , 0<y< l y . In order to evaluate the displacement fro
the initial position of every field line, we considerDx5x
2x0 andDy5y2y0 . In this way the transport results do no
depend on the fact that whenl x. l y the bundle of field lines
is larger in thex direction than in they direction atz50, so
that the corresponding spreadŠ(x2^x&)2

‹ would be larger
thanŠ(y2^y&)2

‹ from the start. In other words, we eliminat
the anisotropy due to the injection scheme. We made a fi
the computed̂Dxi

2&(s), with the transport law

^Dxi
2&52Dis

a i, i 5~x,y! ~11!

and determineda i andDi whens is large enough to attain
asymptotic values.

In Fig. 4 we report the anomalous diffusion exponentsa i
for runs 1–6. We find a distinct behavior of the transport
a function of the fluctuation level: for lower fluctuation lev
els we have either a subdiffusive regime wherea,1, or
sometimes a superdiffusive regime,a.1. Then, at a particu-

FIG. 3. Poincare´ sections for a three wave magnetic mod
where the perturbation depending onx is reduced progressively to
0. ~a! e50.3. ~b! e50.15. ~c! e50.05. ~d! e50.0. Dimensionless
units.
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lar fluctuation level (dB/B0)* , which appears to increas
with the level of anisotropy, as suggested by the analysi
the Poincare´ sections, normal diffusion is reached in bo
directions (a'1). In order to reach the Gaussian regime
the cases with high anisotropy, it was necessary to
dB/B0*1. On the one hand, this shows how strong the
fect of anisotropy is; on the other hand, such high fluctuat
levels are sometimes but not often found for MHD turb
lence in the solar wind. Thus different transport regim
could be found in the different cases.

The diffusion coefficientsDx andDy are reported in Fig.
5 for all the runs whenax ,ay.1. Starting from run 1~Sun!,
when diffusion is isotropic andDx'Dy , we note clearly that

FIG. 4. Exponenta for the directionx andy vs fluctuation level
dB/B0 . Sun: l x / l y51; star: l x / l y52; triangle: l x / l y53; circle:
l x / l y55; square:l x / l y58; cross:l x / l y510. Dimensionless units.

FIG. 5. The diffusion coefficientsDx andDy ~alongx and y),
for the different runs vs fluctuation leveldB/B0 ~Same symbols as
in Fig. 4!. Dimensionless units.
of

r
et
f-
n
-
s

when increasingl x / l y , Dx is increasing andDy is decreas-
ing. Thus, in the diffusive regime, transport is enhanced
the direction where the correlation length is larger. By eva
ating the slope ofDx andDy versusdB/B0 , we obtain val-
ues very close to 2, that is we recover the quasilinear sca
This agrees with the results of Refs.@12,14#.

From the integrated field lines, the kurtosisKi
5^(Dxi)

4&/^(Dxi)
2&2, i 5x,y, is easily obtained~Fig. 6!.

When the distribution function of field lines is Gaussian, t
kurtosis is equal to 3, and, when it is larger than 3, the ta
of the distribution are more important than in the Gauss
case. This is clearly the case for Le´vy random walk, since the
tails of the limit distribution of probability are power laws
so that the tails are very important@12,15#. Indeed by look-
ing at Kx andKy in Fig. 6, we note that for the low fluctua
tion levels we are not in Gaussian regime. Further, the va
of dB/B0 for which the kurtosis is close to 3 is increasin
with the anisotropyl x / l y . In general, the kurtosis approach
3 when normal diffusion is attained. By comparing Figs.
and 6, we can see that, for thex direction, ax,1 corre-
sponds toKx,3 andax.1 corresponds toKx.3, as already
found in the isotropic cases@12,15#. On the other hand, for
the y direction, we find a value ofKy substantially larger
than 3 even in cases of subdiffusion,ay,1, in particular for
run 4 (l x / l y55). This means that even if the global spre
of the bundle of field lineŝDy2& grows slower than linearly
with arc lengths, the distribution of field line positions iny
has longer tails than a Gaussian. This is due to the fact
already pointed out, that field lines easily percolate alongy:
in many cases percolation is not strong enough to give ris
superdiffusion, but it is sufficient to cause a departure from
Gaussian distribution for field line positions. In this conne
tion, we note that the Le´vy flight statistical models involve
power-law distributions for the jump lengths with divergin
second order moment even in cases of subdiffusion@35#. In
Fig. 7 we plot the value of (dB/B0)* for which the kurtosis
attains 3.060.3 versus the anisotropy ratiol x / l y , and this
plot shows a net increase of (dB/B0)* with the anisotropy.
In general, it unambiguously appears that the increase

FIG. 6. KurtosisKx and Ky ~along x and y), for the different
runs vs fluctuation leveldB/B0 ~Same symbols as in Fig. 4!. Di-
mensionless units.
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anisotropy decreases the level of stochasticity and retard
reach of the Gaussian regime. In other words, the increas
anisotropy works in the opposite way than the extension
the spectrum. Indeed, in a previous paper, using the s
numerical technique but in the isotropic case, Zimba
et al. @12# found that by increasing the volume in pha
space, i.e., by increasing the extension of the spectrum,
bal stochasticity was obtained for a decreasing level of fl
tuationsdB/B0 ~a well known result!.

1. Influence of level of anisotropy lx / l y on the superdiffusive
regime

Although for many cases at low values ofdB/B0 we are
in the subdiffusive regime, particularly in thex direction, we
find ay.1 for different cases in they direction~see Fig. 4!,
meaning that the transport regime is not Gaussian but is
perdiffusive with the occurrence of Le´vy flights. As indi-
cated by the Poincare´ sections, superdiffusion and Le´vy
flights occur mainly in they direction, that is, in the direction
where the correlation length~in thexy plane! is shorter. This
is rather surprising since Le´vy flights are due to long corre
lation in the random walk@33,36,37#. This result can be un
derstood by noting the following: the ‘‘elementary’’ dis
placements alongx are longer than those alongy by the ratio
l x / l y , which corresponds to the elongation of the magne
islands, but the displacements alongy are long range corre
lated because of the above mentioned tendency to cros
hyperbolic points along they directions. It is the long range
correlation of the steps of the random walk that gives rise
superdiffusion, irrespective of the length, proportional eith
to l x or to l y , of the steps.

We find superdiffusion for the two runs with the lowe
anisotropyl x / l y ~runs 1 and 2!, while, for runs 3 and 4, there
is no superdiffusion. We note from Fig. 4 that superdiffusi
is less important for runs 1 and 2, whereax anday attain a
maximum value of 1.3, than for runs 5 and 6, whereay
.1.5. We argue that the superdiffusion obtained for run
and 2 is a residual effect of isotropic superdiffusion, a
indeed bothax.1 anday.1 @15#. Then, for run 4, where
both ax and ay&1, we are in a transition regime betwee
isotropic superdiffusion and anisotropic superdiffusion.
nally, increasing the anisotropyl x / l y ~see runs 5 and 6 in
Fig. 4! sufficiently, we obtain reinforced Le´vy flights alongy
which confirm the possibility of superdiffusion along the d
rection where the correlation length is the smaller.

FIG. 7. Minimum value of the fluctuation level (dB/B0)* at
which the kurtosis is between 3.3 and 2.7, as a function of the r
l x / l y . Dimensionless units.
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2. Influence of level of anisotropy lx / l y on transport
in the diffusive regime

For the physical application it is of prime importance
understand what is the anisotropy of transport in anisotro
turbulence. Thus in Fig. 8 we plot the ratio of mean squ
displacementŝDx2&/^Dy2& averaged froms5800 to 1000,
i.e., in the asymptotic regime, versusdB/B0 , and for differ-
ent values of the anisotropyl x / l y . This ratio gives a global
idea of the anisotropy of transport, since, as discussed ea
the calculation of the mean square displacement does
depend on the fact that the box is longer in thex direction.
Figure 8 presents several interesting features: when
Gaussian regime is attained,^Dx2&/^Dy2& tends to an
asymptotic value (̂Dx2&/^Dy2&)* . This ratio increases
when the level of anisotropy is increased, and we have
(^Dx2&/^Dy2&)* ;Dx /Dy; l x / l y . Figure 9 shows the ratio
Dx /Dy versusl x / l y ; analyzing Fig. 9, we find the following
trend: Dx /Dy;( l x / l y)

13/14, that is, an almost linear depen
dence.

This shows that the ratiôDx2&/^Dy2& depends directly
on the anisotropy in the plane perpendicular to the direct
of the magnetic field. A rather anisotropic situation, such
we expect in the solar wind,l cx / l cy@1, can then lead to
much faster diffusion in thex direction than in they direc-
tion, and thus enhance magnetic field line transport in
heliographic latitude~clearly we expect that such picture a
plies if the fluctuation level of the solar wind turbulence
strong enough to obtain a diffusive behavior!.

io

FIG. 8. Ratio ^Dx2&/^Dy2& ~averaged fors5800– 1000) vs
fluctuation level~Same symbols as in Fig. 4!. Dimensionless units.

FIG. 9. Ratio (Dx /Dy)* , when the Gaussian regime is attaine
vs level of anisotropyl x / l y . Dimensionless units.
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We note that̂ Dx2&/^Dy2& changes from smaller than 1 i
the Lévy flights regime to larger than 1 in the Gaussian
gime. This inversion is better illustrated for runs 5 and 6
Fig. 10, where the values of̂Dx2&/^Dy2& and ay /ax are
plotted for these two runs at differentdB/B0 . This inversion
was unexpected, as was the superdiffusion alongy, and this
means that in order to assess the effects of anisotropic
bulence on the anisotropy of transport it is fundamenta
know whether the system is in an anomalous transport
gime or in a Gaussian globally stochastic regime.

IV. DISCUSSION AND CONCLUSIONS

In this paper a numerical study of magnetic field li
transport in anisotropic turbulence has been carried out.
anisotropy of turbulence is introduced by varying the cor
lation lengthsl cx , l cy , and l cz , which appear in the Fourie
amplitude. Particular care was taken in the numerical mo
to avoid the dominance of a few modes and the periodi
effects, by choosing aband spectrum, that is, introducing
both short and long wavelength cutoffs. In order to hav
well discretized representation of continuous turbulence
high number of wave vectors is taken into account for e
direction. This study has shown that a very rich variety
transport behaviors can be found by varying the degree
anisotropyl cx / l cy in the plane perpendicular to the avera
magnetic field. The main results are the following:~1! We
find anomalous transport regimes at low fluctuation leve
and a Gaussian diffusive regime in the presence of high fl
tuation levels, as in the isotropic case.~2! As anisotropy is
increased the diffusive regime is attained for higher fluct
tion levels.~3! We find a percolative regime at a lower flu
tuation level in the direction where the correlation length
smaller, for significant degrees of anisotropyl cx / l cy . ~4! In
the diffusive regime there is more diffusion in the directi
of the longer correlation lengths, and we obtain that the ra
of diffusion coefficientsDx /Dy is close to the ratio of an
isotropy l cx / l cy .

This numerical work shows that stochasticity is reduc

FIG. 10. The superdiffusion along they direction for a lower
fluctuation level, and the Gaussian regime of diffusion prevalen
the x direction whendB/B0 is increased, is shown by the rati
^Dx2&/^Dy2& ~dashed line! anday /ax for runs 5 and 6~full line!.
Dimensionless units.
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when anisotropy is increased, so that the 3D domain of
cited wave vectors ink space is reduced to an almost 2
domain. On the other hand, previous analytical work show
that the lower the dimensionality of the average field, t
lower the level of stochasticity@3,4,34#. Therefore, we can
conclude that the diffusive regime is reached earlier
larger the extension and dimensionality of the magnetic fi
variations.

The numerical results show that the anisotropy of the c
relation lengths plays a very important role in the diffusi
of the magnetic field line. In particular, Gaussian diffusion
faster along the direction with the larger correlation lengthx,
while anomalous diffusion is faster along the direction w
the shorter correlation lengthy. We ascribe this peculiar be
havior to the fact that when many magnetic surfaces
forming KAM tori, the field lines in the stochastic layer cro
the hyperbolic point region preferentially moving alongy,
both because the ‘‘road’’ is wider iny and because the in
stability of trajectories is stronger iny. Therefore, for each
physical system of interest one has to understand whethe
system is or is not in the diffusive regime.

When applying the above results to energetic parti
transport in the solar wind, we are faced with the followin
puzzle: the transport regime changes from anomalous
Gaussian, increasing the fluctuation level beyond (dB/B0)* .
However, (dB/B0)* increases with the degree of anisotro
l x / l y , and presumably decreases with the extension of
turbulence spectrum@12#. In the solar wind the anisotropy i
rather strong,l x@ l y , which would increase (dB/B0)* , but
the turbulence spectrum is also very long, encompassin
least three decades in the so called inertial range, wh
would decrease (dB/B0)* . However, at present it is not pos
sible to simulate a 3D spectrum with extensionN;1000. As
a consequence, we cannot determine whether the trans
regime in the solar wind would be either anomalous
Gaussian. Therefore, applications of the present result
particle transport in the solar wind has to be maintained a
speculative level. If in the solar wind the extension of t
spectrum is sufficient to reach the diffusive regime in t
range of fluctuation levels typical of the solar wind,dB/B0
;0.5– 1.0, as we believe, transport alongx is faster than
transport alongy, and the ratio^Dx2&/^Dy2& is close to
l x / l y . Since in our study thex direction is normal to the
BIMF-VSW plane, we can conclude that translatitudinal tran
port is several times faster than translongitudinal transp
the implications of these results on energetic particles pro
gation will be considered in a future paper.
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